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NONSTATIONARY RAREFACTION FLOWS HAVING SYMMETRY 

0. 8.  Rysev 

ABSTRACT. Nonstationary i s e n t r o p i c  ra re fac t ion  
flaws having a x i a l  o r  c e n t r a l  symmetry a r e  examined. 
Using the  canonical form f o r  descr ib ing t h e  re la t ion-  
sh ips  s a t i s f i e d  along the  c h a r a c t e r i s t i c s ,  we show 
t h a t  under s p e c i f i c  condit ions the  ra re fac t ion  flows 
may contain a c h a r a c t e r i s t i c  along which t h e  ve loc i ty  
and speed of sound change during flow from a c e r t a i n  
steady source. 

1. Nonstationary i s e n t r o p i c  gas flows wi th  a x i a l  o r  c e n t r a l  s ~ e t q  

may be described by a system of two equations 111: 

and by t h e  equation sf cont inui ty  

Here u is  veloci ty ;  c -speed of sound; r - 3-dimensional coordinates;  

t - t i m e ;  K = l / y  - 1, y - a d i a b a t i c  index; v = 2 , 3  - f o r  flows w i t h  

a x i a l  and c e n t r a l  symmetry, respect ively .  

The re la t ionsh ips  which a r e  s a t i s f i e d  along t h e  character is t ic :  

by introducing t h e  function 

* 
Numbers i n  t h e  margin i n d i c a t e  pagination i n  t h e  o r i g i n a l  fore ign t e x t ,  



may be reduced t o  t h e  canonical form 821 

The p lus  s ign  corresponds t o  c h a r a c t e r i s t i c s  of t h e  f i r s t  family; the 

minum s ign corresponds t o  t h e  second family. 

-I ons It follows from t h e  compat ib i l i ty  condit ions (1.5) t h a t  i f  t h e  funetl 

a ( r ,  t )  , B(r, t )  a r e  constant along a c e r t a i n  l i n e  L ,  then t h i s  l i n e  i s  t h e  

c h a r a c t e r i s t i c .  I n  a c t u a l i t y ,  i f  t h i s  is  not  t h e  case, then t h e  s o l u t i o n  

of the  Cauchy problem f o r  Equations (1.1) and (1.2) i n  a c h a r a c t e r i s t i c  

t r i a n g l e ,  l imi ted  by p a r t  of t h e  l i n e  L and by two c h a r a c t e r i s t i c s  of 

opposite f ami l i e s ,  i s  m = const ,  B = const ,  i . e , ,  i n  t h e  v i c i n i t y  of t h e  

l i n e  L t h e  flow i s  s t a t i o n a r y ,  which is  impossible by de f in i t ion .  

We s h a l l  show t h a t  i n  c e r t a i n  cases nonstat ionary ra re fac t ion  flews m;ry /35 
contain a c h a r a c t e r i s t i c  support ing t h e  s t a t i o n a r y  s t a t e ,  i .e . ,  t h e  charac- 

t e r i s t i c  on which a = eonst ,  B = const.  

W e  s h a l l  assume t h a t  i n  t h e  ra re fac t ion  flow the  ve loc i ty  i n  t h e  p a r t i c l e  

can only increase ,  and the  speed of sound can only decrease. A t  an a r b i t r a q  

moment of time, t h e  ve loc i ty  a l s o  increases  with an increase  i n  the  radius; 

t h e  speed of sound a l s o  decreases,  i .e . ,  we assume t h a t  i n  each inner  p o i n t  

i n  t h e  region of r a re fac t ion  flow t h e  following inequa l i ty  i s  s a t i s f i e d  

We s h a l l  c a l l  the  region defined by the  l i n e s  t = f, ( r ) ,  t = f z  ( r )  and the 

lines 1 = cp, (rj ,  t = v2(r), i n t e r s e c t i n g  t h e  l i n e s  t-= J t ( r ) ,  t = f,(r), the @-region, 

where fi ( r ) ,  f z ( r )  ; 9), ( r ) ,  ( ~ 2 ( r )  a r e  single-valued functions of i t s  argument, if the 



s igns  of t h e  de r iva t ives  a u / a t  and a c / a t  coincide wi th in  t h i s  region, arrd 

a u ac 
-=0, at -+0 at (E - + O , - = O  at aPong l i n e  t = f  (r ,  ) ) 
au  ac I a& ac E+ 0, - = 0 1 - = 0, - # @) along l i n e  t = fi(r) 

at \ at at 

Theorem. I f  t h e  de r iva t ives  of u and c wi th  respect  t o  t h e  coordinate 

and t i m e  a r e  continuous functions wi th in  the  8-region, then flow i n  this 

region cannot b e  ra re fac t ion  flow. 

Let us assume t h e  opposite. Let us assume a c e r t a i n  flow contains the 

€)-region, i n  which t h e  de r iva t ives  d u  / dr, du 1 at, dc / dr, dc 1 at a r e  continuous 

functions;  we s h a l l  a l s o  assume t h a t  t h e  i n e q u a l i t i e s  (1.6) a r e  a l s o  

s a t i s f i e d  i n  t h e  8-region. For purposes of s impl ic i ty ,  we s h a l l  assme that 

dpi ( r )  = COIIS~ = t i ,  (gz(r) = const = t z  ( tz  > t s )  I 

and f o r  purposes of d e f i n i t i o n ,  we s h a l l  assume t h a t  

Let us in t roduce the  funct ion 

i n t o  t h e  discussion,  where A i s  an a r b i t r a r y  continuous function g r e a t e r  than 

zero. 

Since ~ ~ = - - Z Y J ~ ~ C / B I ,  -I+ = o u / 8 t  , respect ively ,  along t = f l ( r )  and t = 

f (r) , and t h e  de r iva t ives  dc 1 ut and'du / at have t h e  same s i g n ,  then i n  the ease 2 



. - 

found, a t  which [33 

It follaws from (1.6) t h a t  at t h e  po in t  P ( r , t O )  

where B is a c e r t a i n  funct ion of  t h e  point  P(r.yO) which i s  g r e a t e r  than zero. 

U t i l i z i n g  (1 , l )  and (1.2), t h e  Equations (1.7) and (1.8) may b e  w r i t t e n  4 
a s  follows 

It follows from ( 1 . 1 0 b h a t  flow i n  t h e  9-region cannot b e  subsonic, 
/' 

s i n c e  otherwise t h e  a r b i t r a r y  funct ion A may b e  s e l e c t e d  s o  t h a t  M < A < M 

t h e  same s ign which is impossible. 

Let us assume t h e  flow i s  supersonic. Excluding from (1.9) and (1,IO) 

t h e  de r iva t ive  8c 1 dr , w e  obta in  

It follows from (1.9) t h a t  B = c/u along t h e  l i n e  t = f 2 ( r ) ,  where a c i a f  = 0. 

Let us  set B = AC/U;  then . 



U t i l i z i n g  t h e  equation of cont ihui ty ,  w e  obta in  

I f  & / a t  > 0, wi th in  t h e  8-region, then i t  follows from (1.6) a d  (1-13) 

t h a t  A 6. 1. Selec t ing  t h e  a r b i t r a r y  function A i n  such a way t h a t  

we f i n d  t h a t  the  c o e f f i c i e n t  before t h e  second term i n  (1.11) i s  pos i t ive ,  

and consequently t h e  equation cannot be  s a t i s f i e d .  

Let us assume d c l d t  <.0, within  t h e  8-region. It then follows from (l.6) 

and (1.13) t h a t  A < 1. I n  t h i s  case,  i f  t h e  a r b i t r a r y  function A is s e l e c t e d  

s o  t h a t  

then t h e  inequal i ty  

is  s a t i s f i e d  automatical ly,  and t h e  parentheses be fore  the  f i r s t  anid second 

terms i n  (1.12) are negative,  which is  impossible. 

These contradic t ions  prove the  theorem. 

Thus, i f  we impose add i t iona l  condit ions i n  t h e  form of inequaibftries 

(1.6) on t h e  i n i t i a l  system of Equations (1.1) and (1.2), then the  rarefaction 

flows which can be  rea l i zed  cannot contain the  +region. 

Z 
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2, Let us examine the  lEolEowlng problem. We s h a l l  assume w e  have a 

s p h e r i c a l  ( cy l indr ica l )  plunger of radius  rO, within  which t h e r e  is  a gas 

a t  rest, The speed of sound i n  t h e  e n t i r e  gas volume is constant  and equals 

cO" A t  t h e  moment of time t = 0 ,  the  plunger begins t o  move according t o  the  

l a w  

dr d 'r dr 
r = r ( t ) ,  ->O, ->O, r,,=r(O), dt l t=o 

= O  
dt  dt2 

( 2  - 9) 

Moving rapidly ,  at  a c e r t a i n  moment of t i m e  t** t h e  plunger breaks away 

from t h e  gas. We thus  assume t h a t  the  ra re fac t ion  wave f r o n t  CD, reflected 

from t h e  cen te r  (axis)  s f  symmetry, does not  overtake thi plunger (F igure  1). 

Figure l 

Let us expla in  how t h e  funct ions  

a and B change i n  t h e  p a r t i c l e ,  U t i l i z -  

i n g  t h e  Equations (1.1) and (1,2) , w e  

ob t a i n  

It follows from physical  considera- 

t i o n s  t h a t  t h e  following holds a t  the 

ra re fac t ion  wave f r o n t  and at  t h e  i n i t i a l  sec t ion  of the  plunger motion 

and i n  the  v i c i n i t y  of t h e  point  N(t**, r(t**)) a t  the  plunger, the  fo l lowing  

holds 

Actually,  a f t e r  t h e  plunger has broken away from the  gas, the  boundary 

between t h e  gas and t h e  cavi ty  (separat ion f r o n t )  moves a t  a constant  speed 

I 
'r 

! 6 
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[ 4 ] ,  which means t h a t  t h e  v e l o c i t y  decreases during motion i n  any d i rec t ion  

wi th in  t h e  gas. 

Since t h e  de r iva t ives  of u and c wi th  respect  t o  the  coordinate a d  the 

t i m e  a r e  continuous functions i n  t h e  wave AJ3CD, i t  follows from condi"i;ons 

(2.3) and (2.4) t h a t  the  wave ABCD contains t h e  l i n e  L1, along which an / a t  

I f  w e  assume t h a t  t h e  l i n e s  L1 and L do not  coincide,  then - modng  2 
together  wi th  the  boundary - i n  order  t o  change from i n e q u a l i t i e s  ( 2 , 3 )  to 

i n e q u a l i t i e s  (2.4) , it is necessary t o  pass  through t h e  +region. However, 

according t o  the  theorem j u s t  proven t h e  %-region cannot e x i s t  i n  the flow 

i. e., i n  t h e  case of t h e  plunger expansion according t o  a c e r t a i n  law ( 2 - 2 )  

t h e  l i n e  L* e x i s t s  i n  the  region ABCD, along which 

d u / d t = 6 c / d t  = Q  

With allowance f o r  (1.P) ,  (1.2) and (2.5), along t h e  l i n e  E*, w e  Rave 

and, consequently, t h e  functions a and B a r e  constant.  The l i n e ,  suppor t ing  

t h e  constant values of t h e  functions a and B i n  a nonstat ionary flow, i s  the 

c h a r a c t e r i s t i c ,  i n  t h i s  case t h e  c h a r a c t e r i s t i c  of t h e  second family. It 

follows from (2.6) t h a t  along t h e  c h a r a c t e r i s t i c  L* we have 

This means t h a t  i t  l i e s  i n  t h e  supersonic region, with allowance f o r  ( l , 6 ) ,  

i ng  the  Mach number M is  t h e  parameter, w e  obta in  t h e  following frorr Fomulas 



Here t*, r(t,) are t h e  coordinates of t h e  plunger, f o r  which (21.5) holds ; 

M, is  t h e  corresponding Mach number . 

I f  t h e  moment of t i m e  t* is known, then t h e  q u a n t i t i e s  r ( t , ) ,  a,, B,, and 

M* a r e  found by means of (2.1) , and consequently t h e  c h a r a c t e r i s t i c  of L* may 

be determined. However, t h e  moment of time tk depends g r e a t l y  on t h e  na tu re  

of the  plunger motion f o r  t < t*, and i t  apparently may be  determined only 

completely by solving t h e  problem. Therefore, w e  may only s t a t e  t h a t ,  i n  the  

case of plunger expansion according t o  a c e r t a i n  l a w  (2.1) ,  the  c h a r a c t e r i s t i c  

of t h e  second family e x i s t s  i n  a nonstat ionary ra re fac t ion  wave ABCD, along 

which t h e  ve loc i ty  and speed of sound change just as  i n  flow from a stationary 

source. The pos i t ion  of t h i s  c h a r a c t e r i s t i c  i n  t h e  physical  plane and i n  t h e  

holograph plane depends g rea t ly  on the  parameter t,. 

W e  s h a l l  show t h a t  the  c h a r a c t e r i s t i c  E*, a f t e r  i n t e r s e c t i n g  t h e  we& 

discont inui ty  CD, degenerates i n t o  t h e  customary charac te r i s  t i c ,  a long which 

t h e  functions a and a r e  va r iab le ,  I n  a c t u a l i t y ,  i f  t h i s  is not  t h e  case 

and t h e  c h a r a c t e r i s t i c  L* e x i s t s  i n  t h e  region located  above t h e  l i n e  CD 

(Figure l ) ,  i n  view of (2.7) and (1.6), M > 1 along i t ,  i . e . ,  i t  cannot b e  

closed on t h e  a x i s  r = 0 i n  a c e r t a i n  moment of t i m e .  On t h e  o ther  hand, 

f o r  s u f f i c i e n t l y  l a r g ~  moments of time, when t h e  motion i s  i n e r t i a l ,  w e  have 

where F ( r / t )  is a c e r t a i n  f i n i t e  function [ I ] .  

It may thus  be seen t h a t ,  f o r  s u f f i c i e n t l y  l a r g e  moments of time, i n  

the  flow region t h e  l i n e s  B = B* cannot e x i s t ,  i .e.,  t h e  c h a r a c t e r i s t i c  L* 
'. 

8 
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is  s a t i s f i e d  when the  plunger moves l e f t  along the  t r a j e c t o r y  a t  t h e  point; 

D(tl, r ( t l ) ) .  then,  j u s t  as above, i t  may be  shown t h a t  the  c h a r a c t e r i s t i c  

L, e x i s t s  [ l i n e  MP (Figure 21. 

I f  (2.3) is  s a t i s f i e d  when t h e  plunger moves along t h e  t r a j e c t o r y  a t  

then t h e  c h a r a c t e r i s t i c  L* cannot e x i s t .  In a c t u a l i t y ,  i t  follows from 

(2.4) t h a t  a t  the  point  D(tl, r ( t l ) )  

au c2u 
(uZ -c2 ) - - (v  - 1)-=O 

ar r 

Consequently, M > 1. In view of t h i s ,  the  c h a r a c t e r i s t i c  of t h e  second 

family leaving the  point  d ( t l ,  r ( t l ) )  and support ing t h e  d i scon t inu i ty  of 

the  de r iva t ives  is  i n  t h e  supersonic region. From condit ions ( 2 . 9 ) ,  the 

funct ion B a t  t h i s  c h a r a c t e r i s t i c  w i l l  be a s  small as des i red  a t  l a r g e  values 



I f  t h e  de r iva t ives  an latanaac /a! ,undergo a d i scon t inu i ty  a t  the point 

D(tl, r ( t l ) ) ,  but  do not  change s ign ,  (aulat  remains pos i t ive ,  and8clal is 

negat ive) ,  then j u s t  as above, i t  is found t h a t  t h e  c h a r a c t e r i s t i c  L, e x i s t s  

[ l i n e  MN (Figure 3) 1. 

I n  conclusion t h e  author would l i k e  t o  thank A. A. N i k o l V s k i y  f o r  

formulat ing the problem, 




